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ON ∞-CONVEX SETS IN SPACES OF SCATTEREDLY CONTINUOUS FUNCTIONS
TARAS BANAKH, BOGDAN BOKALO, AND NADIYA KOLOS
Dedicated to Mitrofan Choban and Stoyan Nedev on the occasion of their 70th birthdays
Abstract. Given a topological space X, we study the structure of ∞-convex subsets in the space SCp(X) of
scatteredly continuous functions on X. Our main result says that for a topological space X with countable
strong fan tightness, each potentially bounded ∞-convex subset F ⊂ SCp(X) is weakly discontinuous in the
sense that each non-empty subset A ⊂ X contains an open dense subset U ⊂ A such that each function f |U ,
f ∈ F , is continuous. This implies that F has network weight nw(F) ≤ nw(X).
1. Introduction
In this paper we continue the study of the linear-topological structure of the function spaces SCp(X), started
in [7, 8, 4]. Here SCp(X) stands for the space of all scatteredly continuous real-valued functions on a topological
space X , endowed with the topology of pointwise convergence. A function f : X → Y between two topological
spaces is called scatteredly continuous if for each non-empty subset A ⊂ X the restriction f |A has a point
of continuity1. By [2] or [3, 4.4], each scatteredly continuous function f : X → Y with values in a regular
topological space Y is weakly discontinuous in the sense that each non-empty subset A ⊂ X contains an open
dense subset U ⊂ A such that the restriction f |U is continuous. This implies that SCp(X) is a linear space.
The space SCp(X) contains the linear subspace Cp(X) of all continuous real-valued functions on X . By
its topological properties the function spaces SCp(X) and Cp(X) differ substantially. For example, for an
uncountable metrizable separable space X , the function space SCp(X) contains non-metrizable compacta while
Cp(X) does not. In spite of this difference, in [4] it was observed that compact convex subsets of the space
SCp(X) share many properties with compact convex subsets of the space Cp(X). In particular, for a space
X with countable network weight, all compact convex subsets of the function space SCp(X) are metrizable.
This follows from Corollary 1 of [4] saying that for a countably tight topological space X , each σ-convex subset
F ⊂ SCp(X) has network weight nw(F) ≤ nw(X).
A subset C of a linear topological space L is called σ-convex if for any sequence (xn)n∈ω of points of K
and any sequence (tn)n∈ω of non-negative real numbers with
∑∞
n=0 tn = 1 the series
∑∞
t=0 tnxn converges to a
point of the set K. It is easy to see that each compact convex subset K of a locally convex linear topological
space L is σ-convex, and each σ-convex subset of L is convex and bounded in L. We recall that a subset B of
a linear topological space L is bounded in L if for each neighborhood U ⊂ L of zero there is a number n ∈ N
such that B ⊂ nU .
A more general notion comparing to the σ-convexity is that of∞-convexity. Following [5], we define a subset
K of a linear topological space L to be∞-convex if for each bounded sequence (xn)n∈ω in K and each sequence
(tn)n∈ω of non-negative real numbers with
∑∞
n=0 tn = 1 the series
∑∞
t=0 tnxn converges to a point of the set
K. In Proposition 5.1 we shall prove that a subset K of a linear topological space L is σ-convex if and only if
it is bounded and ∞-convex.
In this paper we shall study the structure of∞-convex subsets in the spaces SCp(X) of scatteredly continuous
functions on a topological space X . A principal question, which will be asked about ∞-convex subsets F ⊂
SCp(X) is their weak discontinuity. A function family F ⊂ SCp(X) is called weakly discontinuous if each
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subset A ⊂ X contains a dense open subset U ⊂ A such that for each function f ∈ F the restriction f |U
is continuous. It is easy to see that a function family F ⊂ SCp(X) is weakly discontinuous if and only if its
diagonal product ∆F : X → RF , ∆F : x 7→ (f(x))f∈F , is weakly discontinuous.
In [4] we proved that for each countably tight space X , each σ-convex subset F of the space SC∗p (X) of
bounded scatteredly continuous functions on X is weakly discontinuous and has network weight nw(F) ≤
nw(X). Our first theorem is the generalization of this fact to ∞-convex subsets of the function space SC∗p (X).
Theorem 1.1. If a topological space X has countable tightness, then each ∞-convex subset F ⊂ SC∗p (X) is
weakly discontinuous and has network weight nw(F) ≤ nw(X).
Let us recall that a topological space X has countable tightness if for each subset A ⊂ X and a point a ∈ A¯
in its closure there is an at most countable subset B ⊂ A with a ∈ B¯.
Observe that Theorem 1.1 treats ∞-convex subsets of the function space SC∗p (X). For topological spaces
X with countable strong fan tightness, this theorem remains true for potentially bounded ∞-convex subsets
of the function spaces SCp(X).
Following [12] we shall say that a topological space X has countable strong fan tightness if for each sequence
(An)n∈ω of subsets of X and a point a ∈
⋂
n∈ω A¯n there is a sequence of points an ∈ An, n ∈ ω, such that a
lies in the closure of the set {an}n∈ω. The class of spaces of countable strong fan tightness and some related
classes will be discussed in Section 8.
A subset B ⊂ L of a linear topological space L is called potentially bounded if for each sequence (xn)n∈ω of
points of B there is a sequence (tn)n∈ω of positive real numbers such that the set {tnxn}n∈ω is bounded in L.
For example, the set SC∗p (X) is potentially bounded in the function space SCp(X).
Theorem 1.2. If a topological space X has countable strong fan tightness, then each potentially bounded
∞-convex subset F ⊂ SCp(X) is weakly discontinuous and has network weight nw(F) ≤ nw(X).
This theorem follows from a more general Theorem 9.1 and Corollary 4.3. The potential boundedness
is a necessary condition in this theorem because for a σ-compact perfectly normal space X , each weakly
discontinuous family F ⊂ SCp(X) is potentially bounded, see Corollary 7.2.
2. Cardinal Invariants of topological spaces
In this section we recall the definition of some cardinal invariants that will appear in the next sections. More
information on cardinal invariants of topological spaces can be found in [9] and [10].
Let us recall that for a topological space X its
• weight w(X) is the smallest cardinality of a base of the topology of X ;
• network weight w(X) is the smallest cardinality of a network of the topology of X ;
• character χ(X) is the smallest infinite cardinal κ such that each point x ∈ X has a neighborhood base
of cardinality ≤ κ;
• tightness t(X) is the smallest infinite cardinal κ such that for each subset A ⊂ X and a point a ∈ A¯ in
its closure there is a subset B ⊂ A of cardinality |B| ≤ κ such that a ∈ B¯;
• cellularity c(X) is the smallest infinite cardinal κ such that no disjoint family U of open subsets of X
has cardinality |U| > κ;
• spread s(X) = sup{c(Z) : Z ⊂ X} = sup{|D| : D is a discrete subspace of X};
• Lindelo¨f number l(X) is the smallest infinite cardinal κ such that each open cover of X has a subcover
of cardinality ≤ κ;
• hereditary Lindelo¨f number hl(X) = sup{l(Z) : Z ⊂ X};
• density d(X) if the smallest cardinality of a dense subset of X ;
• hereditary density hd(X) = sup{d(Z) : Z ⊂ X};
• compact density kd(X) is the smallest cardinality C of a family of compact subsets of X with dense
union
⋃
C;
• closed hereditary compact density hclkd(X) = sup{kd(F ) : F is a closed subspace of X}.
It is easy to see that each topological space X has closed hereditary density hclkd(X) ≤ hd(X) and compact
spaces X have kd(X) = hclkd(X) = 1.
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3. Decomposition numbers of function families
For topological spaces X,Y and a function family F ⊂ Y X its (closed) decomposition number dec(F) (resp.
deccl(F)) is defined as the smallest cardinality |C| of a cover of X by (closed or finite) subsets such that for each
set C ∈ C and a function f ∈ F the restriction f |C is continuous. It is clear that dec(F) ≤ deccl(F) ≤ |X |.
Proposition 3.1. For any topological space X, each function family F ⊂ RX has network weight nw(F) ≤
dec(F) · nw(X).
Proof. Let C be a cover X of cardinality |C| = dec(F) such that for each set C ∈ C and a function f ∈ F the
restriction f |C is continuous. Let Z = ⊕C be the topological sum of the spaces C ∈ C and pi : Z → X be the
natural projection, which induces a linear topological embedding pi∗ : RX → RZ , pi∗ : f 7→ f ◦ pi. The choice
of the cover C guarantees that pi∗(F) ⊂ Cp(Z). By Theorem I.1.3 of [1], nw(Cp(Z)) ≤ nw(Z). Consequently,
nw(F) = nw(pi∗(F)) ≤ nw(Cp(Z)) ≤ nw(Z) =
∑
C∈C
nw(C) ≤ |C| · nw(X) = dec(F) · nw(X).

For compact function families F ⊂ RX we have a more precise upper bound on the (network) weight
nw(F) = w(F).
Proposition 3.2. For any topological space X, each compact function family F ⊂ RX has weight w(F) ≤
deccl(F) · hclkd(X) · s(X).
Proof. Let C be a cover of X by closed or finite subsets such that |C| = deccl(F) and for each C ∈ C and f ∈ F
the restriction f |C is continuous. Let Y = ⊕C be the topological sum of the spaces C ∈ C and pi : Y → X
be the natural projection, which induces a linear topological embedding pi∗ : RX → RY , pi∗ : f 7→ f ◦ pi. The
choice of the cover C guarantees that pi∗(F) ⊂ Cp(Z). For each space C ∈ C choose a family KC of compact
subsets such that |KC | = kd(C) and ∪KC is dense in C. Since C is closed or finite (and hence compact), we get
kd(C) ≤ hclkd(X). Consider the topological sum Z =
⊕
C∈C
⊕
KC and the natural projection p : Z → Y , which
induces a linear continuous operator p∗ : Cp(Y )→ Cp(Z), p
∗ : f 7→ f ◦p. Since p(Z) is dense in Y , the operator
p∗ is injective. By the compactness of the function family F , the restriction p∗ ◦ pi∗|F : F → Cp(Z), being
injective and continuous, is a topological embedding. Consequently, the compact function family F ⊂ RX is
homeomorphic to the compact function family FZ = p∗ ◦ pi∗(F) ⊂ Cp(Z).
For each compact subset K ∈ KC , consider the restriction operator RK : Cp(Z) → Cp(K), R : f 7→ f |K,
and let FK = RK(FZ) ⊂ Cp(K). Since Z =
⊕
C∈C
⊕
KC , the restriction operators RK , K ∈ KC , C ∈ C,
compose a topological embedding R : Cp(Z)→
∏
C∈C
∏
K∈KC
Cp(K). Consequently,
w(F) = w(FZ ) ≤
∑
C∈C
∑
K∈KC
w(FK).
So, it remains to evaluate the weight w(FK) of the compact function family FK ⊂ Cp(K) for each compact
subset K ∈ KC , C ∈ C. Observe that the compact space K is homeomorphic to a compact subset of the space
X and hence has spread s(K) ≤ s(X).
The compact subset FK ⊂ Cp(K) induces a separately continuous function δ : FK ×K → R, δ : (f, x) 7→
f(x), and a continuous function δ· : K → Cp(FK) assigning to each point x ∈ K the function δx : FK → R,
δx : f 7→ f(x) = δ(f, x). Then the image EK = δ·(K) ⊂ Cp(FK) is an Eberlein compact with spread
s(EK) ≤ s(K) ≤ s(X) and cellularity c(EK) ≤ s(EK) ≤ s(X). Since the weight of Eberlein compacta is equal
to their cellularity [1, III.5.8], we conclude that w(EK ) = c(EK) ≤ s(X).
The surjective map δ· : K → EK induces a linear topological embedding δ∗· : Cp(EK) → Cp(K) such that
FK ⊂ δ∗· (Cp(EK)). Then w(FK) = nw(FK) ≤ nw(Cp(EK)) ≤ nw(EK) ≤ s(X).
Finally,
w(F) = w(FZ) ≤
∑
C∈C
∑
K∈KC
w(FK) ≤
≤
∑
C∈C
|KC | · s(X) =
∑
C∈C
kd(C) · s(X) ≤ |C| · hclkd(X) · s(X) = deccl(F) · hclkd(X) · s(X).

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Corollary 3.3. For any compact topological space X, each compact function family F ⊂ RX has weight
w(F) ≤ deccl(F) · s(X).
4. Scatteredly continuous and weakly discontinuous function families
A family of functions F ⊂ Y X from a topological space X to a topological space Y is called
• continuous if each function f ∈ F is continuous;
• scatteredly continuous if each non-empty subset A ⊂ X contains a point a ∈ A at which each function
f |A : A→ Y , f ∈ F , is continuous;
• weakly discontinuous if each non-empty subset A ⊂ X contains an open dense subspace U ⊂ A such
that each function f |U : U → Y , f ∈ F , is continuous.
The following simple characterization can be derived from the corresponding definitions and Theorem 4.4
of [3] (saying that each scatteredly continuous function with values in a regular topological space is weakly
discontinuous).
Proposition 4.1. A function family F ⊂ Y X is scatteredly continuous (resp. weakly discontinuous) if and
only if so is the function ∆F : X → Y F , ∆F : x 7→
(
f(x)
)
f∈F
. Consequently, for a regular topological space
Y , a function family F ⊂ Y X is scatteredly continuous if and only if it is weakly discontinuous.
We say that two spaces X,Z are weakly homeomorphic if there is a bijective map f : X → Y such that the
functions f and f−1 are weakly discontinuous.
In fact, each weakly discontinuous function family F ⊂ RX is homeomorphic to a continuous function family
over a space Z which is weakly homeomorphic to X . The space Z can be canonically constructed using the
family F . This can be done as follows.
For a subset A ⊂ X let F|A = {f |A : f ∈ F}, D(F|A) be the set of points at which the function ∆F|A is
discontinuous, and D¯(F|A) be the closure of the set D(F|A) in A. The weak discontinuity of F guarantees
that the set D¯(F|A) is nowhere dense in A and hence D¯(F|A) 6= A if A 6= ∅.
Let D0(F) = X and by transfinite induction for each ordinal α > 0 define a closed subset Dα(F) of X
letting
Dα(F) =
⋂
β<α
D¯(F|Dβ(F)).
Since (Dα(F))α is a decreasing sequence of closed subspaces of X and Dα+1(F) 6= Dα(F) if Dα(F) 6= ∅, there
is an ordinal α such that Dα(F) = ∅. The smallest ordinal with Dα(F) = ∅ if denoted by wd(F) and called
the index of weak discontinuity of F , see [3, §4]. It is clear that |wd(F)| ≤ hl(X).
The topological sum
XF =
⊕
α<wd(F)
Dα(F) \Dα+1(F)
is called the resolution space of the weakly discontinuous family F ⊂ SCp(X). The natural projection piF :
XF → X is bijective and continuous, while its inverse pi
−1
F
: X → XF is weakly discontinuous. So, the spaces
X and XF are weakly homeomorphic.
Moreover, the bijective map pi : XF → X induces a linear topological isomorphism pi∗F : R
X → RXF ,
pi∗ : f 7→ f ◦ pi, such that pi∗
F
(F) ⊂ Cp(XF ). So, the weakly discontinuous function family F is homeomorphic
to the continuous function family pi∗F (F) ⊂ Cp(XF ) on the resolution space XF .
This fact will be used to find some upper bounds on the (closed) decomposition number dec(F) (resp.
decc(F)) of a weakly discontinuous function family F ⊂ SCp(X).
Proposition 4.2. For any (regular) topological space X and each weakly discontinuous function family F ⊂
SCp(X) we get dec(F) ≤ |wd(F)| ≤ hl(X) (and deccl(F) ≤ hl(X)).
Proof. The upper bound dec(F) ≤ |wd(F)| ≤ hl(X) follows from the fact that for each ordinal α and each
function f ∈ F the restriction f |Dα(F) \Dα+1(F) is continuous. If the space X is regular, then each set F =
Dα(F)\Dα+1(F), being a difference of two closed subsets of X , can be written as the union of ≤ l(F ) ≤ hl(X)
many closed subsets of X , which implies that deccl(F) ≤ |wd(F)| · hl(X) = hl(X). 
Proposition 4.2 combined with Propositions 3.1 and 3.2 implies:
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Corollary 4.3. For any topological space X, each weakly discontinuous function family F ⊂ RX has network
weight
nw(F) ≤ dec(F) · nw(X) ≤ hl(X) · nw(X) = nw(X).
Corollary 4.4. For any regular topological space X, each weakly discontinuous compact subspace F ⊂ RX has
weight
w(F) ≤ deccl(F) · hclkd(X) · s(X) ≤ hl(X) · hclkd(X).
Corollary 4.5. For any compact Hausdorff space X, each weakly discontinuous compact subspace F ⊂ RX
has weight w(F) ≤ hl(X).
5. ∞-Convex sets in linear topological spaces
In this section we shall establish some basic properties of ∞-convex and σ-convex sets in linear topological
spaces. Let us recall that a subset B of a linear topological space L is σ-convex (resp. ∞-convex) if for each
(bounded) sequence (xn)n∈N of points of the set B and each sequence (tn)n∈N of non-negative real numbers
with
∑∞
n=1 tn = 1 the series
∑∞
n=1 tnxn converges to some point of the set B.
Proposition 5.1. A subset B of a linear topological space X is σ-convex if and only if B is bounded and
∞-convex.
Proof. To prove this theorem, it suffices to check that each σ-convex subset B ⊂ L is bounded. Assuming the
converse, we can find a neighborhood U ⊂ L of zero such that B 6⊂ tU for any positive real number t. Then,
for every n ∈ N we can choose a point xn ∈ B \ 2nU and observe that the series
∑∞
n=1 2
−nxn is divergent since
m∑
n=1
2−nxn −
m−1∑
n=1
2−nxn = 2
−mxm /∈ U
for all m ∈ N. 
A subset B of a linear topological space L is called sequentially complete if each Cauchy sequence in B is
convergent.
Proposition 5.2. A convex subset C of a locally convex linear topological space L is ∞-convex if each closed
bounded convex subset of C is sequentially complete.
Proof. Given a bounded sequence (xn)n∈N in C and a sequence (tn)n∈N of non-negative real numbers with∑∞
n=1 tn = 1 we need to check that the series
∑∞
n=1 tnxn converges in C. Let B be the closed convex hull
of the bounded set {xn}n∈N in C. The local convexity of L implies that B is bounded in L, and by our
assumption, B is sequentially complete.
For every n ∈ N consider the point yn = (1 −
∑n
k=1 tk)x1 +
∑n
k=1 tkxk ∈ B. We claim that the sequence
(yn)
∞
n=1 is Cauchy. Given a symmetric neighborhood U = −U of zero in L, we need to find N ∈ N such that
ym − yn ∈ U for all m ≥ n ≥ N . By the local convexity of the space L, there is an open convex neighborhood
V = −V of zero in L such that V + V ⊂ U .
Since the set B is bounded, there is a positive real number ε > 0 so small that ε ·B ⊂ V . Then [0, ε] ·B ⊂ V
by the convexity of V ∋ 0. Since
∑∞
k=1 tk = 1 <∞, there is a number N ∈ N such that
∑∞
k=N tk < ε.
We claim that ym − yn ∈ U for every m ≥ n ≥ N . Observe that ym− yn = −
∑m
k=n+1 tkx1 +
∑m
k=n+1 tkxk.
If
∑m
k=n+1 tk = 0, then ym − yn = 0 and we are done. So, assume that s =
∑m
k=n+1 tk > 0 and put sk = tk/s
for n < k ≤ m. Observe that s =
∑m
k=n+1 tk ≤
∑∞
k=N tk < ε and the point
m∑
k=n+1
tkxk = s
m∑
k=n+1
skxk
belongs to s · B by the convexity of the set B. Then ym − yn = −sx1 +
∑m
k=n+1 tkxk ∈ −sB + sB ⊂
−[0, ε]B + [0, ε]B ⊂ −V + V ⊂ U . So, the sequence (yk)∞k=1 is Cauchy and by the sequential completeness of
B, this sequence converges to some point b ∈ B, equal to the sum of the series
∑∞
k=1 tkxk. 
Corollary 5.3. Each countably compact convex subset of a locally convex linear topological space is sequentially
complete and σ-convex.
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6. ∞-Convex subsets in function spaces SC∗p (X)
The following theorem combined with Corollary 4.3 implies Theorem 1.1 announced in the Introduction and
generalizes Theorem 2 of [4].
Theorem 6.1. If X is a topological space with countable tightness, then each∞-continuous subset F ⊂ SC∗p (X)
is weakly discontinuous.
Proof. By Proposition 4.1, the weak discontinuity of the function family F is equivalent to the weak discon-
tinuity of the function ∆F : X → RF , ∆F : x 7→ (f(x))f∈F . Since the space X has countable tightness, the
weak discontinuity of ∆F will follow from Proposition 2.3 of [3] as soon as we check that for each countable
subset Q ⊂ X the restriction ∆F|Q : Q→ RF has a continuity point.
Assume conversely that the function ∆F|Q is everywhere discontinuous. Choose any function f0 ∈ F and
find an open dense subset U ⊂ Q such that f0|U is continuous. Let U = {xn : n ∈ N} be an enumeration of
the countable set U .
Since the function ∆F|U is everywhere discontinuous, for each point xn ∈ U we can choose a function
gn ∈ F such that the restriction gn|U is discontinuous at xn. Since the function gn has bounded norm ‖gn‖ =
supx∈X |gn(x)|, we can choose a positive real number λn ∈ (0, 1] such that the function fn = (1−λn)f0+λngn
has norm ‖fn‖ ≤ ‖f0‖ + 1. The continuity of f0|U and discontinuity of gn|U at xn imply that the function
fn|U is discontinuous at xn.
Observe that a function f : U → R is discontinuous at a point a ∈ U if and only if it has strictly positive
oscillation
osca(f) = inf
Oa
sup{|f(x)− f(y)| : x, y ∈ Oa}
at the point a. In this definition the infimum is taken over all neighborhoods Oa of a in U .
We shall inductively construct a sequence (tn)
∞
n=1 of positive real numbers such that for every n ∈ N the
following conditions are satisfied:
1) t1 ≤
1
2 , tn+1 ≤
1
2 tn, and tn+1 · ‖fn+1‖ ≤
1
2 tn · ‖fn‖,
2) the function sn =
n∑
k=1
tkfk restricted to U is discontinuous at xn,
3) tn+1 · ‖fn+1‖ ≤
1
8oscxn(sn|U).
We start the inductive construction letting t1 = 1/2. Then the function s1|U = t1 · f1|U is discontinuous
at x1 by the choice of the function f1. Now assume that for some n ∈ N positive numbers t1 . . . , tn has been
chosen so that the function sn =
n∑
k=1
tkfk restricted to U is discontinuous at xn.
Choose any positive number t˜n+1 such that
t˜n+1 ≤
1
2
tn, t˜n+1 · ‖fn+1‖ ≤
1
2 tn · ‖fn‖ and t˜n+1 · ‖fn+1‖ ≤
1
8oscxn(sn|U),
and consider the function s˜n+1 = sn + t˜n+1fn+1. If the restriction of this function to U is discontinuous at
the point xn+1, then put tn+1 = t˜n+1 and finish the inductive step. If s˜n+1|U is continuous at xn+1, then put
tn+1 =
1
2 t˜n+1 and observe that the restriction of the function
sn+1 =
n+1∑
k=1
tkfk = sn +
1
2 t˜n+1fn+1 = s˜n+1 −
1
2 t˜n+1fn+1
to U is discontinuous at xn+1. This completes the inductive construction.
The condition (1) guarantees that
∞∑
n=1
tn ≤ 1 and hence the number t0 = 1−
∞∑
n=1
tn is non-negative. So, we
can consider the function
s =
∞∑
n=0
tnfn
which is well-defined and belongs to F by the ∞-convexity of F .
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We claim that the function s ∈ F ⊂ SCp(X) has everywhere discontinuous restriction s|U . Assume
conversely that s|U is continuous at some point xn ∈ U . Observe that
s = t0f0 + sn +
∞∑
k=n+1
tkfk
and hence
sn = s− t0f0 −
∞∑
k=n+1
tkfk = s− t0f0 − Fn,
where Fn =
∞∑
k=n+1
tkfk. The conditions (1) and (3) of the inductive construction guarantee that the function
Fn has norm
‖Fn‖ ≤
∞∑
k=n+1
tk‖fk‖ ≤ 2tn+1‖fn+1‖ ≤
1
4
oscxn(sn|U).
Since sn = s− t0f0 − Fn, the triangle inequality implies that
0 < oscxn(sn|U) ≤ oscxn(s|U) + oscxn(t0f0|U) + oscxn(Fn) ≤
≤ 0 + 0 + 2‖Fn‖ ≤
1
2
oscxn(sn|U).
This contradiction shows that s|U is everywhere discontinuous, which is not possible as s ∈ F ⊂ SCp(X) by
the ∞-convexity of the family F . So, the family F is weakly discontinuous. 
Theorem 6.1 combined with Propositions 3.1, 3.2 and 4.2 imply:
Corollary 6.2. If X is a (regular) topological space with countable tightness, then each ∞-convex subset
F ⊂ SC∗p (X) has (closed) decomposition number (deccl(F) ≤ hl(X)) dec(F) ≤ hl(X) and network weight
nw(F) ≤ nw(X).
Corollary 6.3. If X is a regular topological space with countable tightness, then each compact convex subset
F ⊂ SC∗p (X) has weight w(F) ≤ hl(X) · hclkd(X).
Corollary 6.4. If X is a compact Hausdorff topological space with countable tightness, then each compact
convex subset F ⊂ SC∗p (X) has weight w(F) ≤ hl(X).
7. Potentially bounded sets
In order to generalize Theorem 6.1 to ∞-convex sets in the function spaces SCp(X) we need to introduce
and study the notion of a potentially bounded set.
Let us recall that a subset B of a linear topological space L is bounded if for each neighborhood U ⊂ L
of zero there is a positive real number r such that B ⊂ rU . Observe that a family of functions F ⊂ RX is
bounded if and only if for each point x ∈ X the set F(x) = {f(x) : f ∈ F} is bounded in the real line.
A subset B of a linear topological space L is potentially bounded if for each sequence (xn)n∈ω of points of B
there is a sequence (tn)n∈ω of positive real numbers such that the set {tnxn}n∈ω is bounded in L.
Observe that for any topological space X the space l∞(X) of bounded real-valued functions on X is poten-
tially bounded in RX . Consequently, the space SC∗p (X) of all bounded scatteredly continuous functions also
is potentially bounded in RX .
Proposition 7.1. Let X be a σ-compact topological space. Each function family F ⊂ RX with deccl(F) ≤ ℵ0
is potentially bounded in RX .
Proof. Since deccl(F) ≤ ℵ0, there is a countable closed cover C of X such that for each C ∈ C and f ∈ F the
restriction f |C is continuous. Since the space X is σ-compact, we can additionally assume that each set C ∈ C
is compact.
To show that the set F is potentially bounded in RX , fix any sequence (fn)n∈ω in F . Let C = {Cn :
n ∈ ω} be any enumeration of the family C. For every n ∈ ω choose a positive real number tn such that
tn ·max |fn(C0 ∪ · · · ∪ Cn)| < 1. We claim that the set {tnfn}n∈ω is bounded in RX .
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Indeed, for each point x ∈ X we can find k ∈ ω with x ∈ Ck and observe that
|tnfn(x)| ≤ tnmax |fn(C0 ∪ · · · ∪ Cn)| ≤ 1
for every n ≥ k, which implies that the set {tnfn(x)}n∈ω ⊂ {tnfn(x)}
k
n=0 ∪ [−1, 1] is bounded. 
Propositions 7.1 and 4.2 imply:
Corollary 7.2. Let X be a regular σ-compact topological space. Each weakly discontinuous function family
F ⊂ SCp(X) is potentially bounded in RX .
The σ-compactness of X is essential in Corollary 7.2.
Example 7.3. The set {pin}n∈ω of coordinate projections pin : ωω → ω, pin : (xk)k∈ω 7→ xk, is not potentially
bounded in the function space Cp(ω
ω).
Proof. Assuming that the set {pin}n∈ω is potentially bounded, we could find a sequence of positive real number
(εn)n∈ω such that the set {εnpin}n∈ω is bounded in Cp(ωω). Choose any increasing number sequence x =
(xn)n∈ω ∈ ωω such that limn→∞ εn · xn = ∞ and observe that for the point x the set {εnpin(x)}n∈ω =
{εnxn}n∈ω ⊂ R is not bounded, which means that the function sequence {εnpin}n∈ω is not bounded in Cp(ωω).

8. Spaces with countable strong fan tightness and related spaces
In this section we shall discuss spaces with countable strong fan tightness and their relation to R-separable
and scatteredly R-separable spaces.
Let us recall [12] that a topological space X has countable strong fan tightness if for any sequence (An)n∈ω
of subsets of X and a point a ∈
⋂
n∈ω A¯n in the intersection of their closures, there is a sequence of points
an ∈ An, n ∈ ω, such that the set {an}n∈ω contains the point a in its closure.
It is easy to see that each first countable space has countable strong fan tightness.
Following [6] we say that a topological space X is R-separable if for each sequence (Dn)n∈ω of dense subsets
of X there is a sequence of points xn ∈ Dn, n ∈ ω, such that the set {xn}n∈ω is dense in X . We shall say that
a topological space X is countably R-separable if each countable subspace of X is R-separable.
Proposition 52 of [6] implies:
Proposition 8.1. Each topological space with countable strong fan tightness is countably R-separable.
Our next proposition follows from Theorem 48 of [6].
Proposition 8.2. A topological space X is countably R-separable if each countable subspace Z of X has
character χ(Z) < cov(M).
Here cov(M) stands for the smallest cardinality of a cover of the real line R by nowhere dense subsets.
In fact, we shall need a bit weaker notion than the countable R-separability, called the scattered R-
separability.
We define a topological space X to be scatteredly R-separable if for each countable subspace Z ⊂ X without
isolated points and each sequence (Dn)n∈ω of dense subsets in Z there is a sequence of points zn ∈ Dn, n ∈ ω,
forming a non-scattered subspace {zn}n∈ω. It is clear that each countably R-separable space is scatteredly
R-separable, so we get the following chain of implications:
first countable ⇒ countable strong fan tightness ⇒ countably R-separable ⇒ scatteredly R-separable.
Problem 8.3. Is each scatteredly R-separable space countably R-separable?
9. Potentially bounded ∞-convex subsets in function spaces SCp(X)
Theorem 6.1 established the weak discontinuity of ∞-convex subsets of the function spaces SC∗p (X). The
following theorem does the same for function spaces SCp(X).
Theorem 9.1. If a topological space X has countable tightness and is scatteredly R-separable, then each
potentially bounded ∞-convex subset F ⊂ SCp(X) is weakly discontinuous and has network weight nw(F) ≤
nw(X).
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Proof. By Proposition 4.1, the weak discontinuity of the family F is equivalent to the weak discontinuity of
the diagonal product ∆F : X → RF , ∆F : x 7→ (f(x))f∈F . Since the space X has countable tightness, the
weak discontinuity of the map ∆F will follow as soon as we check that for each countable subset Q ⊂ X the
restriction ∆F|Q has a point of continuity. Assume conversely that for some countable subset Q ⊂ X the
restriction ∆F|Q has no continuity points. Then the set Q has no isolated points. Let g0 ∈ F be any function.
Since g0 is weakly discontinuous, there is an open dense set U ⊂ Q such that the restriction g0|U is continuous.
Let U = {xn}n∈N be an enumeration of the set U . Since the function ∆F|U is everywhere discontinuous,
for every n ∈ N we can choose a function fn ∈ F whose restriction fn|U is discontinuous at the point xn.
Since the family F is potentially bounded, there is a number sequence (λn)n∈N ∈ (0, 1]
ω such that the sequence
{λnfn}n∈N is bounded in SCp(X). Then the set of functions gn = (1 − λn)g0 + λnfn, n ∈ ω, is bounded and
belongs to the convex set F . Moreover, each function gn|U is discontinuous at xn. The boundedness of the
function sequence (gn)n∈N guarantees that supn∈N |gn(x)| <∞ for all x ∈ X .
Now we consider two cases.
1. There is a non-empty open subset V ⊂ U such that for every n ∈ N the function gn|V is bounded.
Repeating the argument of the proof of Theorem 6.1, we can find a sequence of positive real numbers (tn)n∈ω
with
∑∞
n=1 tn = 1 such that the function g =
∑∞
n=1 tngn has everywhere discontinuous restriction g|V , which
is not possible as g ∈ F ⊂ SCp(X) by the ∞-convexity of F .
2. For each non-empty open subset V ⊂ U there is n ∈ N such that the function gn|V is unbounded. Then
for each m ∈ N the set Dm = {x ∈ U : supn∈N |gn(x)| > m} is dense in U .
Since the space X is scatteredly R-separable and the countable space U ⊂ X has no isolated points, there is
a non-scattered subspace {xk}k∈N ⊂ U such that xk ∈ D16k for every k ∈ N. Since 16
k < supn∈N |gn(xk)| <∞,
for every k ∈ N we can choose a number nk ∈ N such that |gnk(xk)| > max{16
k, 67 supn∈N |gn(xk)|}.
By induction we shall construct a sequence of real numbers (tk)k∈ω ∈ [0, 1]ω such that
(1) 1
8k
≤ tk ≤
2
8k
for all k ∈ N;
(2) |
∑k
i=1 tigni(xk)| ≥
1
2·8k
|gnk(xk)| for every j ≤ k;
We start the inductive construction letting t1 =
1
2 . Now assume that for some number k > 1 the real numbers
t1, . . . , tk−1 satisfying the conditions (1), (2) have been constructed. Consider the function sk−1 =
∑k−1
i=1 tigni .
Observe that the interval sk−1(xk) + gnk(xk)[
1
8k
, 2
8k
] has length 1
8k
|gnk(xk)| and hence there is a number
tk ∈ [
1
8k
, 2
8k
] such that |sk−1(xk) + tkgnk(xk)| ≥
1
2·8k
|gnk(xk)|.
Since the set {gnk}k∈N is bounded and
∑∞
k=1 tk ≤ 1, the function s =
∑∞
k=1 tkgnk ∈ R
X is well-defined.
Observe that for every k ∈ N the choice of the function gnk with |gnk(xk)| >
6
7 supn∈N |gn(xk)| implies the
lower bound:
|s(xk)| ≥ |
k∑
i=1
tigni(xk)| −
∞∑
i=k+1
ti|gni(xk)| ≥
≥
1
2 · 8k
|gnk(xk)| −
∞∑
i=k+1
2
8i
7
6
|gnk(xk)| =
= |gnk(xk)|
( 1
2 · 8k
−
1
3 · 8k
)
=
1
6 · 8k
|gnk(xk)| >
16k
6 · 8k
.
So, s(xk) → ∞ as k → ∞, which implies that the function s restricted to the non-scattered subset {xk}k∈N
is not weakly discontinuous. Then for the number t0 = 1 −
∑∞
k=1 tk the function t0g0 + s also is not weakly
discontinuous, which is not possible as t0f0 + s ∈ F ⊂ SCp(X) by the ∞-convexity of F .
This contradiction shows that the function family F is weakly discontinuous and hence has network weight
nw(F) ≤ nw(X) by Corollary 4.3. 
Combining Theorem 9.1 with Proposition 3.2 we deduce:
Corollary 9.2. If a regular topological space X has countable tightness and is scatteredly R-separable, then
each compact convex subset F ⊂ SCp(X) is weakly discontinuous and has weight w(F) ≤ hl(X) · hclkd(X).
Let us recall that a topological space X is perfectly normal if it is normal and each closed subset is of type
Gδ in X . It is easy to see that a compact space X is perfectly normal if and only if hl(X) ≤ ℵ0. Since each
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perfectly normal compact space is first countable, it has countable tightness and countable strong fan tightness.
This observation and Corollary 9.2 imply
Corollary 9.3. For a perfectly normal compact space X, each compact convex subset in the function space
SCp(X) is metrizable.
10. Some Open Problems
Let us recall [11] that a topological space K is Rosenthal compact if K is homeomorphic to a compact
subspace of the space B1(X) ⊂ RX of functions of the first Baire class on a Polish space X . In this definition
the space X can be assumed to be equal to the space ωω of irrationals.
Problem 10.1. Is each Rosenthal compact space K homeomorphic to a compact subset of the function space
SCp(ω
ω)?
According to Theorem 3 of [4], this problem has affirmative solution in the realm of zero-dimensional
separable Rosenthal compacta. A particularly interesting instance of Problem 10.1 concerns non-metrizable
convex Rosenthal compacta. One of the simplest spaces of this sort is the Helly space. We recall that the Helly
space is the subspace of B1(I) consisting of all non-decreasing functions f : I → I of the unit interval I = [0, 1].
Problem 10.2. Is the Helly space homeomorphic to a compact subset of the function space SCp(ω
ω)?
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